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a b s t r a c t

Staging is a characteristic phenomena observed in intercalation electrodes. During staging process the
equilibrium potential of the electrode exhibits weak dependence on the solid phase Li concentration
and does not follow the classical Nernst behavior. The coexistence of structurally different solid phases
results in multiple plateaus in the equilibrium potential curve. Such complexities make the thermody-
namic description of equilibrium potential as a function of concentration difficult, and so it is usually
represented through an empirical expression. The objective of this work is to develop a frame work based
on thermodynamic principles to describe the equilibrium potential of intercalation electrodes. Redlich-
Kister thermodynamic equation was used to describe the excess Gibbs free energy, which in turn was used
to evaluate the equilibrium potential as a function of concentration. The equilibrium potential expres-
sion for different lithium intercalation electrodes such as LiCoO2, LiNi0.8Co0.15Al0.05O2, graphite and hard
carbon were developed based on Redlich-Kister equation. The thermodynamic model was also used to
estimate the activity of species directly from excess Gibbs free energy. The developed thermodynamic
expressions along with the activity correction are incorporated into a single particle diffusion model

for a Li-ion cell consisting of a graphite and LiCoO2 electrode. The interactions between the Li-ions dur-
ing intercalation/deintercalation process were incorporated into the present model by considering the
chemical potential gradient corrected for activity as the driving force. The effect of inclusion of activity
correction in the single particle model was studied for different discharge rates. It was observed that
the activity correction term yielded increased capacity especially at higher rates. The effect of activity
correction term was also found to be more significant in the LiCoO2 electrode compared to the carbon
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electrode.

. Introduction

The equilibrium potential of the Li-ion intercalation electrodes
oes not follow Nernst equation, due to the solid state redox
eaction. This characteristic anomalous voltage behavior had been
tudied and discussed extensively in literatures [1–8]. Due to the
ack of understanding of the solid state redox reactions, the experi-

ental equilibrium potential profile is usually fitted to a empirical
xpression which was then used for model predictions [9–11].
ome of the earlier models used modified Nernst equation to pre-
ict equilibrium potential as in the case of Li/TiS2 system developed
y West et al. [1]. Verburgge and Koch [2] derived a thermody-
amic correlation to describe the equilibrium potential associated

ith a single fiber of a partially graphitic carbon electrode. This

quation is based on the excess Gibbs free energy given by Wohl’s
unction to represent the deviation from ideal solution behavior.
ater, Zhang et al. [12] extended Verburgge and Koch [3] approach

∗ Corresponding author. Tel.: +1 803 777 3270; fax: +1 803 777 6769.
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o model the lithiated carbon anode and metal oxide cathode. In
his model, Nernst equation was raised to a suitable power to rep-
esent individual voltage plateaus. The shape of the equilibrium
otential curve depends on the value chosen for the exponential

actor. For a smaller value, it reduces the exponential dependence
f concentration in the Nernst equation so as to give a flat equi-
ibrium potential profile. However the Li-ion interactions, which
ause the flat plateau in the equilibrium potential profile [4], were
ot considered in their model.

Previous studies on Nickel electrode have shown that the equi-
ibrium potential can be modeled based on the thermodynamics of
he non-ideal solutions [13–15]. Ali, used a simple one parameter

argules equation for the excess free energy to predict the equi-
ibrium potential along with the temperature effects for LiMn2O4
lectrode [8]. In this work, the equilibrium potential of insertion
lectrodes was modeled using excess functions by applying the

rinciples of thermodynamics of non-ideal solutions. Thermody-
amic equations such as one parameter Margules, two parameter
argules, van Laar and Redlich-Kister equations were used to

escribe the non-ideal behavior and were compared with the
xperimental equilibrium potential data for various intercalation

http://www.sciencedirect.com/science/journal/03787753
http://www.elsevier.com/locate/jpowsour
mailto:white@engr.sc.edu
dx.doi.org/10.1016/j.jpowsour.2008.07.077
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Nomenclature

a activity of species
A parameter of 1 parameter Margules equation

(J mol−1)
A0, B0 parameter of 2 parameter Margules equation

(J mol−1)
A′

0, B′
0 parameter of van Laar equation (J mol−1)

A0, A1, A2 interaction parameter in Redlich-Kister equation
(J mol−1)

ce concentration of the electrolyte (mol cm−3)
Cs,i,max maximum concentration (mol cm−3)
D˛,i diffusion coefficient (cm2 s−1)
Deff effective diffusivity (cm2 s−1)
F Faradays constant (96485 C mol−1)
gE partial molar excess free energy
GE excess Gibbs free energy (J mol−1)
I identity matrix
Iapp applied current (A)
J Jacobian matrix
JT Jacobian transpose
ki rate constant of the electrochemical reaction

(cm2.5 mol−0.5 s−1)
N denotes number of parameter in the Redlich-Kister

equation
N˛,i flux of lithium ions (mol cm−3)
R ideal gas constant (8.314 J mol−1 K−1)
Ri radius of the electrode particle (cm)
R̄ dimensionless radius
si active electrode area (cm2)
t time (s)
T temperature (K)
U equilibrium potential (V)
U0 standard equilibrium potential (V)
VINT non-ideal Nernst correction term (V)
wi electrode loading (g cell−1)
x mole fraction
Yi experimental data vector
Y* predicted data vector

Greek letters
ˇ transfer coefficient
� activity coefficient
�s surface over potential (V)
�s vacant site in the host material
� step size correction factor
� chemical potential (J mol−1)
�i density of the active material (g cm−3)
�i solid phase potential (V)
�e solution phase potential (V)

Superscript
0 standard state

Subscript
i denoted p or n
n negative electrode
p positive electrode
s host material
˛ intercalating species (lithium ion)
ˇ vacant site in the host material
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lectrodes like LiCoO2, LiNi0.8Co0.15Al0.05O2, graphite and hard car-
on. The Redlich-Kister equation was identified to be a consistent
ethodology to fit the equilibrium potentials of all electrodes

hat were studied. The activity correction term introduced by the
on-ideality was evaluated from the excess free energy devel-
ped through Redlich-Kister equation. The activity correction term
hich takes into account for the non-ideal interactions, varies with

espect to the concentration of Li-ion in the intercalation electrode
2,16]. The activity corrected thermodynamic expression was used
o describe the open-circuit potential for graphite and LiCoO2, in a
ithium-ion single particle battery model.

. Experiment

The equilibrium potential curves for different electrodes studies
ere measured using a coin cell setup. The equilibrium poten-

ial measurements were made at room temperature for LiCoO2,
eso-carbon micro-beads (MCMB), LiNi0.8Co0.15Al0.05O2, hard car-

on electrodes. The lithium cobalt oxide and MCMB electrodes
ere provided by Mine Safety Appliances Company (Sparks, MD),

iNi0.8Co0.15Al0.05O2 and hard carbon electrodes were provided
y Quallion LLC (Sylmar, CA) and MeadWestvaco Corporation
Charleston, SC), respectively. A Celgard 2400 polypropylene mem-
rane (Charlotte, NC) was used as the separator, Lithium metal foil
rom FMC Corporation (Bessemer city, NC) was used as a reference
lectrode. The electrolyte used was 1 M LiPF6 in a 1:1 v/v solution
f ethylene carbonate-dimethyl carbonate provided by Ferro (Inde-
endence, OH). The cells were assembled in an argon filled glove
ox. Both the working and the counter electrode were made by
unching out circular disc of 5/8th′′ diameter. While a circular sep-
rator sheet of 3/4th′′ was used to separate both the electrodes.
he electrolyte was added sufficiently so as to wet separator and
he electrodes; finally the cell was sealed firmly.

Following an initial rest of 24 h, the cells were cycled in a
6 channel Arbin test station (Arbin Instruments, College Station,
X) for at least five cycles before equilibrium potential measure-
ents were made. After the initial cycles, the cells were allowed

o discharge, from completely charged state at a very slow rate of
/30. The equilibrium potential was recorded with respect to the
apacity, from which the stoichiometric coefficient of lithium was
alculated as the ratio of the difference between the total discharge
apacity and discharge capacity at a particular time to that of the
heoretical capacity of the intercalation electrode.

. Thermodynamic Model Development

Derivation of the equilibrium potential for insertion electrodes:
The reaction at the interface of the electrolyte and the solid

hase [2,17] is given by:

i+ + e− + �s � [Liı − �−ı
s ] (1)

here �s is a vacant site available for Li-ions to intercalate into
he host material, denoted by subscript ˇ throughout this article.
he host material may be the carbon or the metal oxide electrode.
imilarly [Liı − �−ı

s ] represents the intercalated species, denoted
y ˛. Even after insertion the Li-ion retains the significant positive
harge (ı) and the host site retains a negative charge (−ı), evidenced
y X-ray photoelectron spectroscopy analysis (XPS) [18].
In general, from a thermodynamic perspective, the equilibrium
otential of the intercalation electrode relative to a reference Li
lectrode is given by [17]:

U = �0
Li + �ˇ − �˛ (2)
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here �i is the chemical potential of the species i corresponding
o an infinitely dilute solution. �0

Li is the chemical potential of pure
ithium metal, which is independent of the composition of the host

aterial. Subscript ˛ represents the lithium intercalated host mate-
ial, ˇ denoted unoccupied host material. The chemical potential is
xpressed in terms of the activity coefficient (� i), mole fraction (xi)
nd secondary reference chemical potential (�0

i
) as [17,19]

i = �0
i + RT ln(�ixi) (3)

and T are the ideal gas constant and the temperature, respectively.
ubstituting Eq. (3) in (2), we obtain:

U = �0
Li + �0

ˇ − �0
˛ + RT ln

(xˇ

x˛

)
+ RT ln

(�ˇ

�˛

)
= FU0 + RT ln

(xˇ

x˛

)
+ RT ln

(�ˇ

�˛

)
(4)

The deviation from the ideal behavior represented by the last
erm on the right hand side of the Eq. (4) is due to the pseudo
inary interactions between the Li-ion and the host matrix the
uring intercalation/deintercalation process. In case of unit activity
ideal condition) Eq. (4) takes the form of classical Nernst equation
20] given by:

U = FU0 + RT ln
(xˇ

x˛

)
(5)

here U0 is the standard equilibrium potential, si is the stoichio-
etric coefficient and ci is related to the concentration of the

pecies i. The activity coefficient by definition in Eq. (4) is related
o Gibbs partial molar excess free energy [19]:

T ln �˛ = gE
˛ = ∂

∂n˛
(ntGE)T,P,j /= ˛ (6)

T ln �ˇ = gE
ˇ = ∂

∂nˇ
(ntGE)T,P,j /= ˇ (7)

here nt is the total number of moles of ˛ and ˇ species
nt = n˛ + nˇ). GE is the excess Gibbs free energy. At a fixed tempera-
ure and pressure the excess free energy of a mixture with respect to
he composition can be calculated from thermodynamic equations
uch as one parameter Margules, two parameter Margules, van Laar
r Redlich-Kister equations [19,21]. In this paper, these models are
ompared with the experimental equilibrium potential data.

In a binary mixture when the excess properties are taken with
eference to an ideal solution, the molar excess Gibbs free energy
ust obey the two boundary conditions:

GE → 0 when x˛ → 0
GE → 0 when xˇ → 0

(8)

A simple expression that obeys this boundary condition is the
ne parameter Margules equation, given by [21]:

GE = RT Ax˛xˇ

= RT Ax˛(1 − x˛)
(9)

The mole fraction of the intercalating species x˛ is the ratio of
he moles of ˛ species (n˛) to that of the total number of moles (nt),
˛ = n˛/(n˛ + nˇ). Similarly the mole fraction of the host matrix xˇ

s given as xˇ = nˇ/(n˛ + nˇ).
Substituting Eq. (9), x˛, xˇ in Eqs. (6) and (7), differentiating
ith respect to n˛ and nˇ, the following expressions for the activity
oefficients are obtained as

ln(�˛) = A(1 − x˛)2

ln(�ˇ) = Ax2
˛

(10) G
r Sources 185 (2008) 1398–1407

here A is the interaction parameter with the units of energy, which
s characteristic of components and depends upon the temperature
nd independent of concentration.

The equilibrium potential is derived from Eqs. (4) and (10):

U = FU0 + RT ln
(

1 − x˛

x˛

)
+ RT[ln(�ˇ) − ln(�˛)] (11)

U = FU0 + RT ln
(

1 − x˛

x˛

)
+ RT[A(2x˛ − 1)] (12)

The activity coefficients for the other models are calculated
sing a similar procedure, and using these values the equilibrium
otential is obtained.

The excess Gibbs free energy for two parameter Margules equa-
ion is given by [19]:

GE = RTx˛xˇ[A0x˛ + B0xˇ]
= RTx˛(1 − x˛)[A0x˛ + B0(1 − x˛)]

(13)

The activity coefficients for two parameter Margules equation
s derived as

ln(�˛) =
(

A0 − 3
2

B0

)
x2

˛ + B0x3
˛

ln(�ˇ) = A0(1 − x˛)2 + B0(1 − x˛)3
(14)

0 and B0 are the interaction parameters for the two parameter
argules equation. Equilibrium potential from Eqs. (4) and (14) is

iven as

U = FU0 + RT ln
(

1 − x˛

x˛

)
+ RT

[
−A0 + 2A0x˛ − B0 + 3B0x˛ − 3

2
B0x2

˛

]
(15)

The expression for excess Gibbs free energy proposed by van
aar is given by [21]:

GE = RT

[1/A′
0x˛ + 1/B′

0xˇ]

= RT

[1/A′
0x˛ + 1/B′

0(1 − x˛)]

(16)

here A′
0, B′

0 are the interaction parameters of the van Laar equa-
ion. The activity coefficients of the intercalating species (�˛) and
he host material (�ˇ) are derived from Eqs. (6) and (7) by substi-
uting them in the expression for the excess Gibbs free energy.

ln(�˛) = A′
0(1 − x˛)2

[(1 − x˛) + B′
0x˛]2

ln(�ˇ) = A′
0B′

0x2
˛

[(1 − x˛) + B′
0x˛]2

(17)

rom the activity coefficients, the equilibrium potential is derived
s

U = FU0 + RT ln
(

1 − x˛

x˛

)
+ RT

[
A′

0(B′
0x2

˛ − 1 + 2x˛ − x2
˛)

(1 − x˛ + B′
0x˛)2

]
(18)

The excess Gibbs free energy according to Redlich-Kister expan-
ion is given by [19]:

E = x˛,ixˇ,i

N∑
Ak(x˛,i − xˇ,i)

k (19)
k=0

E = x˛,i(1 − x˛,i)
N∑

k=0

Ak(2x˛,i − 1)k (20)
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Fig. 1. Equilibrium potential vs. Li (V) as a function of stoichiometric coefficient for
MCMB and hard carbon.
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Substituting Eqs. (20) in (6) and (7), and using the expression
or x˛ and xˇ, the activity coefficients are derived as

T ln �˛,i =
N∑

k=0

Ak(1 − x˛,i)
2(2x˛,i − 1)k

[
2x˛,ik

(2x˛,i − 1)
+ 1

]
(21)

T ln �ˇ,i =
N∑

k=0

Akx2
˛,i(2x˛,i − 1)k

[
1 − 2k(1 − x˛,i)

(2x˛,i − 1)

]
(22)

Substituting the above Eqs. (21) and (22) in the equilibrium
otential (4) gives:

U = FU0 + RT ln

(
xˇ,i

x˛,i

)

+
{

N∑
k=0

Ak ·
[

(2x˛,i − 1)k+1 − 2x˛,ik(1 − x˛,i)

(2x˛,i − 1)1−k

]}
(23)

U = FU0 + RT ln

(
1 − x˛,i

x˛,i

)
+ VINT (24)

INT is the non-ideal interaction term,

INT =
{

N∑
k=0

Ak

[
(2x˛,i − 1)k+1 − 2x˛,ik(1 − x˛,i)

(2x˛,i − 1)1−k

]}
(25)

The expressions in Table 1 give the equations for the equilib-
ium potential of the Li-ion intercalation electrodes. By knowing the
nteraction parameters, the activity coefficient of the two species
nvolved in the binary interactions [19] can be calculated.

. Parameter Estimation

The parameters in the expression for the equilibrium potential
re determined using Levenberg Marquardt method. It is an inter-
olation technique between the Gauss–Newton and the steepest
escent method [22]. The correction vector 
� is defined as fol-

ows:

� = (JTJ + �I)
−1

JT(Y∗ − Yi) (26)

here J is the Jacobian matrix of partial derivative of dependent
ariable in the model (i.e.) equilibrium potential with respect to
he estimated parameter values evaluated at the experimental data
oints. (Y* − Yi) represents the difference between the model pre-
iction and the observed data vector. The value of convergence

actor � is chosen for each iteration, according to that the corrected
arameter vector will result in a lower sum of squares error in the
ollowing iteration. This technique is explained in detail in Ref. [22].
. Results and Discussion

The measured equilibrium potentials of MCMB and Hard car-
on are shown in Fig. 1. In the case of the MCMB anode, the

e
i
b
d
i

able 1
odel equations for equilibrium potential using various equations of state

ne parameter Margules

wo parameter Margules

an Laar equation

edlich-Kister expansion
ig. 2. Equilibrium potential vs. Li (V) as a function of stoichiometric coefficient for
iCoO2, and LiNi0.8Co0.15Al0.05O2.

quilibrium potential has flat plateau regions due to character-
stic staging phenomena [5,23,24], and in case of hard carbon
he equilibrium potential profile was a smooth function [2,16],
ith respect to the stoichiometric coefficient. Fig. 2 shows the
quilibrium potential for LiCoO2 and LiNi0.8Co0.15Al0.05O2, the sto-
chiometric coefficient for LiCoO2 starts approximately from 0.4
elow which Li cannot be reversibly removed. The experimental
ata were fitted to the model Eqs. (12), (15), (18) and (23) shown

n Table 1. Using the parameter estimation technique described

FU = FU0 + RT ln
(

1−x˛

x˛

)
+ RT[A(2x˛ − 1)]

FU = FU0 + RT ln
(

1−x˛

x˛

)
+ RT

[
−A0 + 2A0x˛ − B0 + 3B0x˛ − 3

2 B0x2
˛

]
FU = FU0 + RT ln

(
1−x˛

x˛

)
+ RT

[
A′

0
(B′

0
x2

˛−1+2x˛−x2
˛)

(1−x˛+B′
0
x˛)2

]
FU = FU0 + RT ln

(
1−x˛,i

x˛,i

)
+

{
N∑

k=0

Ak ·
[

(2x˛,i − 1)k+1 − 2x˛,ik(1−x˛,i )

(2x˛,i−1)1−k

]}
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ig. 3. Comparison of the experimental data with the model predictions for the
quilibrium potential of MCMB using the equations in Table 1.

efore, the interaction parameters in the model equations were
etermined. Fig. 3 compares the experimental potential profile of
CMB with that of the model predictions from all three expres-

ions (Margules, van Laar, Redlich-Kister equation). The Margules
xpressions and the van Laar equation displayed a poor fit to
he experimental data, which indicates that one or two interac-
ion parameters to predict the non-ideal nature of the equilibrium
otential of the MCMB electrode is not possible. The plot also
hows the Redlich-Kister Eq. (23) fit to the experimental data,
or N = 11 gave a good fit to the data throughout the entire stoi-
hiometric region. In case of hard carbon (Fig. 4) the predictions
rom the two parameter Margules and the van Laar equations
hows reasonable agreement with the experimental data. The fits
ecome poor when the stoichiometric coefficient is less than 0.1.
owever the use of Redlich-Kister equation (with N = 5) gives an

ccurate fit over the entire stoichiometric region. It was also clear
hat a higher value for N is required in the case of MCMB which
xhibits several voltage plateaus than when compared to hard
arbon.

ig. 4. Comparison of the experimental data with the model predictions for the
quilibrium potential of MCMB using the equations in Table 1.

a
c
t
c

F
e

ig. 5. Comparison of the experimental data with the model predictions for the
quilibrium potential of LiCoO2 using the equations in Table 1.

A similar trend was observed in fitting the equilibrium potential
f the positive electrodes. LiCoO2 gives a voltage plateau [25–27]
fter x = 0.75. Neither the Margules nor the van Laar equation was
ble to fit accurately in the plateau regions, while Redlich-Kister
quation with N = 7 predict the plateau region accurately as shown
n Fig. 5. Similar comparison was made for the experimental equi-
ibrium profile for LiNi0.8Co0.15Al0.05O2 cathode as shown in Fig. 6,
sing N = 5 in the Redlich-Kister equation gave the best fit. The esti-
ated parameter values are reported in Tables 2–7 the along with

he 95% confidence intervals. The confidence intervals of all the
arameters are well with in the limits of the actual parameters.

The parameters A, B, A0, B0, Ak, are the binary interaction
arameters which represent the interactions between Li-ion dur-

ng intercalation (or deintercalation). They have the unit of energy

nd a linear dependence on temperature, but were independent of
omposition [19]. The number of parameters required to represent
he excess free energy of a binary mixture gives an indication of the
omplexity of the mixture, which provides a methodology for their

ig. 6. Comparison of the experimental data with the model predictions for the
quilibrium potential of hard carbon using the equations in Table 1.
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Table 2
Parameter values obtained along with 95% confidence intervals for MCMB

Parameters 1P Margules 2P Margules van Laar

U0 0.10606 ± 0.00318 0.14262 ± 0.003612 0.12391 ± 0.0031484
A −3.4990 ± 0.24424 18.009 ± 1.2985 0.22646 × 10−6 ± 0.14947 × 10−5

B – −23.954 ± 1.425 −4.0182 ± 0.0074410

Table 3
Parameter values obtained along with 95% confidence intervals for hard carbon

Parameters 1P Margules 2P Margules van Laar

U0 0.08996 ± 0.01019 0.4220 ± 0.01061 0.27205 ± 0.00404
A −38.911 ± 0.75552 62.236 ± 2.9399 −45.400 ± 0.40939
B – −97.675 ± 2.8202 2.9729 ± 0.066553

Table 4
Parameter values obtained along with 95% confidence intervals for LiCoO2

Parameters 1P Margules 2P Margules van Laar

U0 4.1222 ± 0.001933 4.2217 ± 0.0056795 3.1238 ± 0.19788
A −11.222 ± 0.13779 −1.3060 ± 0.55032 −301.38 ± 141.51
B – −23.761 ± 1.2789 −10.190 ± 2.1697

Table 5
Parameter values obtained along with 95% confidence intervals for LiNi0.8Co0.15Al0.05O2

Parameters 1P Margules 2P Margules van Laar

U0 3.8887 ± 0.0031031
A −18.457 ± 0.25185
B –

Table 6
Parameter values using Redlich-Kister equation for Hard carbon and
LiNi0.8Co0.15Al0.05O2

Parameters Hard carbon LiNi0.8Co0.15Al0.05O2

N 5 5
U0 2.0399 ± 0.7093 3.9662 ± 0.0240
A0 2.8601 × 105 ± 1.368 × 105 −5.8992 × 104 ± 4.3067 × 103

A1 3.7239 × 105 ± 1.3679 × 105 −2.0881 × 104 ± 4.8703 × 103

A2 3.1869 × 105 ± 1.3942 × 105 −1.3273 × 104 ± 3.2012 × 103
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3 3.3667 × 105 ± 1.4315 × 105 −6.9538 × 103 ± 4.3707 × 103

4 3.3619 × 105 ± 1.1517 × 105 −2.6023 × 104 ± 1.0753 × 104

5 1.7017 × 105 ± 4.4532 × 104 1.0715 × 104 ± 1.2839 × 104

lassification. If for example only one parameter was required to
escribe the system, then the solution could be classified as sim-

le, whereas if four or more parameter was required to describe a
ystem, the mixture was denoted as a complex system. In case of
nsertion electrodes of all types it requires at least five parameters
nd therefore considered to be complex mixtures.

able 7
arameter values using Redlich-Kister equation for LiC6 and LiCoO2

arameters MCMB LiCoO2

10 7
0 −1.7203 ± 0.51308 −29.614 ± 2.3806
0 −0.35799 × 106 ± 0.99032 × 105 0.64832 × 107 ± 0.45934 × 106

1 −0.35008 × 106 ± 0.99055 × 105 −0.65173 × 107 ± 0.45933 × 106

2 −0.35247 × 106 ± 0.98397 × 105 0.65664 × 107 ± 0.45969 × 106

3 −0.35692 × 106 ± 0.97652 × 105 −0.65787 × 107 ± 0.46137 × 106

4 −0.38633 × 106 ± 0.10929 × 106 0.63021 × 107 ± 0.44922 × 106

5 −0.35908 × 106 ± 0.11797 × 106 −0.50465 × 107 ± 0.37283 × 106

6 −0.28794 × 106 ± 0.52429 × 105 0.27113 × 107 ± 0.21054 × 106

7 −0.14979 × 106 ± 0.80161 × 105 −0.69045 × 106 ± 0.56136 × 105

8 −0.39912 × 106 ± 0.20291 × 106

9 −0.96172 × 106 ± 0.31894 × 106

10 −0.63262 × 106 ± 0.14748 × 106

F
a
t
c
n
t
w
a
f∑

s

x

t

3.8927 ± 0.0038887 3.9261 ± 0.00445
−16.676 ± 1.0875 −26.456 ± 1.0995
−2.7731 ± 1.6476 −1.7298 ± 0.8707

According to Shain’s calculations [19] the interaction param-
ters in the Redlich-Kister equation (Ak) affects the miscibility
nd the phase separation of the binary mixture. A large positive
alue of A0 favors limited miscibility. A small positive value of
he parameter A2 tends to decrease the phase separation. Another
dvantage of this procedure is that the activity correction term
1 + (d ln �˛,i/d ln x˛,i)] is determined by using the non-ideal ther-

odynamic expression and partial Gibbs free energy to fit the
quilibrium potential data. The activity correction term is used
o correct the solid phase diffusion coefficient, which changes
uring intercalation as the function of the concentration of Li-

ons.
In the next section single particle model was developed using

CMB and LiCoO2 electrodes. In order to check the goodness of the
t, error estimation analysis was carried out for the two electrodes.
ig. 7 shows that the predicted value for the equilibrium potential
grees well with in the limits of the experimental data. Increasing
he number of parameters can further minimize the errors but the
onfidence intervals for the parameters will be higher. Hence the
umber of parameters was selected in such a way that it minimized
he error without increasing the confidence intervals. The system
as tested by applying Gibbs-Duhem equation, which relates the

ctivity coefficients of all components in a mixture. It must be valid
or the estimated parameters [19], given by

i

xi d �i = 0 (27)

In case of a binary mixture at constant temperature and pres-
ure, the Gibbs-Duhem equation can be written as follows:
˛
d ln �˛

dx˛
= xˇ

d ln �ˇ

dxˇ
(28)

Eq. (28) is used to determine the consistency of the parame-
ers obtained for LiC6 and LiCoO2. The parameters from Table 8 are
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Fig. 7. Error estimates between the experimental and the predicted value for LiC6

and LiCoO2 electrodes.

Table 8
Cell parameters used in single particle model

Parameters Cathode (i = p) Anode (i = n)

Cs,i,max (mol cm−3) 5.1555 × 10−2 3.055 × 10−2

Ri (cm)a 11.0 × 10−4 12.5 × 10−4

wi (g cell−1)a 15.92 7.472
�i (g cm−3)a 5.01 2.26
Di (cm2 s−1)b 1 × 10−10 3.9 × 10−14

si(3wi/Ri�i)(cm2) 8666.3 7934.9
ki (mol/cm2 s/(mol/cm3)1.5)b ≡ (cm2.5 mol−0.5 s−1) 5.03 × 10−6 2.33 × 10−6

ce (mol cm−3)a 1 × 10−3

R (J mol−1 K−1) 8.314
F −1

s
t
o
s

F
w

F
[

o
s
r
t
w
t
i

6

a
s

(C mol ) 96487

a Ref. [31].
b Ref. [30].
ubstituted in Eqs. (21) and (22). On differentiating those equa-
ions with respect to their corresponding compositions both sides
f Eq. (28) can be determined, the result for MCMB electrode was
hown in Fig. 8. The two curves are the mirror image of each

ig. 8. Thermodynamic consistency tests for LiC6, given by Eq. (28) [x˛ d ln �˛/dx˛]
ith respect to x˛ and [xˇ d ln �ˇ/dxˇ] with respect to xˇ .

t
p
n
m
[

F
f

ig. 9. Thermodynamic consistency tests for LiCoO2, given by Eq. (28)
x˛ d ln �˛/dx˛] with respect to x˛ and [xˇ d ln �ˇ/dxˇ] with respect to xˇ .

ther as they are plotted with respect to their respective compo-
itions (x˛ + xˇ = 1). The value of x˛ goes from 0.01 to 0.8. Thus xˇ

anges from 0.99 to 0.2. Fig. 9 shows the thermodynamic consis-
ency according to the Gibbs-Duhem equation for LiCoO2 electrode,
here x˛ varies from 0.45 to 0.98. The numerical differences in the

hermodynamic consistencies for both the electrodes were shown
n Fig. 10.

. Single Particle Li-ion Model

In a single particle model, the active electrode material of
node and cathode are assumed to be made up of uniform
pherical particle. In this model, the area of the spherical par-
icle is scaled to the active area of the solid phase in the
orous electrode. The polarization losses in the solution phase are

eglected. The Li transport inside the particle is only by diffusion
echanism. Further details of this model are explained in Refs.

28–31].

ig. 10. The difference between the LHS and the RHS of the Gibbs-Duhem Eq. (28)
or LiC6 and LiCoO2 electrode.
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Reactions occurring at the surface of the two electrodes are:

LiC6
discharge

�
charge

Li+ + e− + C6

Li+ + e− + CoO2
discharge

�
charge

LiCoO2

(29)

The driving force for flux is defined in the present work using
he gradient of chemical potential [2,16] neglecting the effect of

igration and convection

˛,i = −D˛,i

RT
c˛,i∇�˛,i (30)

here ˛ represents the lithium intercalated host material, ˇ rep-
esents the unoccupied host material. Subscript i corresponds to
ositive or negative electrode (i = p or n, respectively). The effect
f migration is neglected because the active material is generally a
ood electronic conductor.

Substituting the relationship between the chemical potential
nd the activity coefficient shown in Eq. (3) into Eq. (30), the flux
xpression can be derived as shown in Ref. [2] as

˛,i = −D˛,i

(
1 + d ln �˛,i

d ln x˛,i

)
∇c˛,i (31)

1 + ((d ln �˛,i)/(d ln x˛,i))) represents the activity correction term;
t is a strong function of the concentration of Li-ions, and often
eglected [2]. The interactions with in the solid phase if neglected
ould not give a realistic representation of the intercalation process
16].

The activity correction term can be derived from Eq. (21) as

1 + d ln �˛,i

d ln x˛,i

)
= 1 +

N∑
k=0

2Akx˛(1 − x˛)(2x˛ − 1)k

×
[

k(2x˛k + x˛ − 1)

(2x˛ − 1)2
+ (k + 1)

]
(32)

The general differential material balance in the absence of the
eaction term is given by:

∂c˛,i

∂t
= −∇ · N˛,i (33)

Substituting the flux in the material balance for the spherical
article

∂x˛,i

∂t
= − D˛,i

R2
i
R̄2

∂

∂R̄

[
R̄2

(
1 + d ln �˛,i

d ln x˛,i

)
∂x˛,i

∂R̄

]
(34)

here concentration (c˛,i) is written in terms dimensionless mole
raction (x˛,i) and dimensionless radius is given by R̄ = r/Ri.

The initial and the boundary conditions are:

t = 0; x˛,i = x0
˛,i

R̄ = 0; t > 0;
∂x˛,i

∂R̄
= 0

R̄ = 1; t > 0; −D˛,ici,max

(
1 + d ln �˛,i

d ln x˛,i

)
∂x˛,i

∂R̄
= ± IappR̄i

siF

(35)

The flux takes a positive value for i = p, negative for i = n.
Butler-Volmer equation is used to determine the kinetics of the

ntercalation process.

Iapp 1−ˇ ˇ
siF
= ki[c˛,i,max − c˛,i] [c˛,ice]

×
[

exp

(
(1 − ˇ)F

RT
�s,i

)
− exp

(
−ˇF

RT
�s,i

)]
(36)

t
s
d
d
v
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The over potential (�s,i) is defined as

s,i = �i − �e − U (37)

Substituting the expression for U from Eq. (24) and applying
edlich-Kister equation we obtain

s,i = �i − �e −
[

U0 + RT

nF
ln

(
1 − x˛,i

x˛,i

)
+ VINT

]
(38)

s,i = �i − �e −
[

U0 + RT

nF
ln

(
1 − x˛,i

x˛,i

)

+ 1
nF

{
N∑

k=0

Ak ·
[

(2x˛,i − 1)k+1 − 2x˛,ik(1 − x˛,i)

(2x˛,i − 1)1−k

]}]
(39)

�i is the solid phase potential. The solution phase potential (�e)
s equated to zero based on the assumptions of the single particle

odel. The term ce refers to the concentration of the electrolyte. ˇ
s the symmetry factor which represents the fraction of applied
otential that promote the cathodic reaction, and (1 − ˇ) is the
raction of potential applied that promotes the anodic reaction. In
eneral the symmetry factor (ˇ) takes the value of 0.5.

The equilibrium potential expression which includes the inter-
ction term corrects the Butler-Volmer (BV) equation for the
on-ideal behavior. Dimensionless form of the BV equation is given
s

Iapp

siFc0.5
e kic˛,i,max

= [1 − x˛,i]
1−ˇ[x˛,i]

ˇ

[
exp

(
(1 − ˇ)F

RT
�s,i

)

−exp

(
−ˇF

RT
�s,i

)]
(40)

The theoretical electroactive area of the single spherical particle
caled to the porous electrode is given by

i = 3wi

Ri�i
(41)

here wi and �i are the weight and the density of the active material
nside electrode (i), respectively.

The activity correction term given in Eq. (32) was plotted for
iCoO2 and MCMB as a function of stoichiometric coefficient in
ig. 11. In the case of LiCoO2, the activity correction term increases
o a higher value at initial stoichiometry. This is because the inter-
alated Li-ions occupy a vacant space available in the host matrix
andomly. Then the activity correction term decreases during the
ransition between the disordered to an ordered lattice structure.
n ordered lithium super lattice occurs around 4.15 V correspond-

ng to the x value of 0.53 [25]. The correction term decreases to a
ower value in the entire two phase region (x = 0.75 to 0.95). Finally
t increases when the lithium rich single phase was formed at the
nd of discharge. The diffusion of lithium into the host was lim-
ted due to the higher concentration of lithium ions in the CoO2

atrix. For the MCMB, in the region of dilute stage 1 [5] the activ-
ty correction term has a higher value and then starts to decrease
apidly during the transition from dilute stage 1 to stage 4, due to

he ordering effects. The correction term increase during the tran-
itions from stage 4 to liquid type stage 2 at x = 0.18, and decreases
uring the transition from liquid type stage 2 to stage 2 at x = 0.3
ue to ordering effects. The correction term decreases to a lower
alue in the two phase region during stage 2 to stage 1 transition.
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Fig. 13. Comparison of cell voltage vs. charge capacity with and without activity
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ig. 11. Activity correction term (1 + d ln �˛/d ln x˛) for LiC6 and LiCoO2 electrode
ith respect to composition obtained by substituting the parameters in Eq. (32).

The effective diffusivity was defined as the product of the diffu-
ion coefficient with the activity correction term [2].

eff,i = D˛,i

(
1 + d ln �˛,i

d ln x˛,i

)
(42)

The effective diffusivity depends upon the ordered to disor-
ered transitions occurring during the lithium intercalation and
eintercalation process [16]. The effect of change in the solid
hase effective diffusivity for LiCoO2 and MCMB on the charge
nd discharge process is analyzed using the single particle model.
he governing Eq. (34) along with the boundary conditions and
he Butler-Volmer expression (Eqs. (35) and (36), respectively)

ere solved for both the electrodes simultaneously using COMSOL
ultiphysics®. The parameters are taken from MSA Li-ion cell and

re presented in Table 8. Figs. 12 and 13 compares the discharge
nd charge profiles, respectively as the function of cell capacity
sing the single particle model, with and without the activity cor-

ig. 12. Comparison of cell voltage vs. discharge capacity with and without activ-
ty correction term at C/10, C/5, C/2, 1C and 2C rates. The open symbols represent
he activity corrected model, and the solid symbols represent the diffusion model
ithout correction factor (1.656 A cm−2 for 1C rate).

t
r
t
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W
o
d
s
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(
s
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l
d
c
x

T
T
a

R
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2

orrection term at C/10, C/5, C/2, 1C and 2C rates. The open symbols represent
he activity corrected model, and the solid symbols represent the diffusion model
ithout correction factor. (1.656 A cm−2 for 1C rate).

ection term. The effect of activity correction is not pronounced at
ow rates of discharge. However at higher discharge rates, there is
notable difference in the capacity and charge/discharge profiles.
his is because at higher rates the solid phase diffusion limitation
lays a significant role in discharge process. Neglecting the activity
orrection term underestimates the effective diffusivity and there-
ore a lesser predicted capacity is observed. At 1C rate, the capacity
iffers by as much as 10%. Table 9 compares the difference in the dis-
harge capacity between activity corrected model and the activity
gnored model.

Figs. 14 and 15 shows the concentration profile of Li-ion with
ime across the dimensionless radius of the MCMB and LiCoO2
espectively at 1C discharge rate for the full cell, with and without
he correction factor. The dimensionless concentration of Li-ions
egins at 0.8 when t = 0 and decreases with increase in time (Fig. 14)
s Li-ion de-intercalates from the MCMB particle during discharge.
hen the activity correction is included in the model, ridges are

bserved in the concentration profile in the regions where the
imensionless concentration equals 0.3 and 0.6. This is because the
olid phase diffusion coefficient of Li-ion varies according to the Eq.
42) and is proportional to the activity correction term. For MCMB,
he activity correction term decreases in the two phase region
x = 0.3 and 0.6) and so is the effective diffusivity. Thus the steep
egments in the concentration profile are attributed to the stage
ransition with in the MCMB. In case of LiCoO2, the dimension-
ess Li-ions concentration increases as Li-ions intercalates during

ischarge. Similar to MCMB high gradients are observed in the
oncentration profile due to the formation of two phase region at
= 0.85, where the effective diffusivity is low.

able 9
he difference in the discharge capacity predicted by the single particle model with
nd without the activity correction term

ates Approximate difference

/10 <1%
/5 2%
/2 5%
C 10%
C 15%



D.K. Karthikeyan et al. / Journal of Powe

Fig. 14. Concentration profile across the MCMB particle at 1C discharge rate, with
and without the correction term.
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ig. 15. Concentration profile across the LiCoO2 particle at 1C discharge rate, with
nd without the correction term.
. Conclusions

A thermodynamic relation using Redlich-Kister equation was
eveloped to describe the concentration dependence of equilib-
ium potential of lithium intercalation electrodes. The excess Gibbs

[
[
[

[

r Sources 185 (2008) 1398–1407 1407

ree energy defined by Redlich-Kister equation was also used
o evaluate the activity correction term. The corrected activity
erm was used to define the non-ideal chemical potential of the
ntercalation species to define the flux. These non-idealities were
ncorporated into a single particle model and was used to simulate
he charge and the discharge behavior of MCMB–LiCoO2 system.
he effect of different charge and discharge rates on the voltage pro-
le and capacity were analyzed. The inclusion of activity coefficient
orrection in the single particle model predicted a higher capacity
nd the effect was more pronounced at higher rates. The inclusion
f the activity correction term was realized through an effective dif-
usivity term, which largely determines the concentration profile
nd the capacity.
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